Abstract: We theoretically investigate the corrections of exciton binding energy in monolayer transition metal dichalcogenides (TMDs) due to the exciton-optical phonon coupling in the Fröhlich interaction model by using the linear operator combined Lee-Low-Pines variational method. We not only consider the excitons couple with the intrinsic longitudinal optical (LO) phonon modes, but also the surface optical phonon modes that induced by the polar substrates underneath the TMDs. We find that exciton binding energies are corrected in a large scale due to these excitonoptical phonon couplings. We discuss the dependences of exciton binding energy on the cut-off wave vector of optical phonon modes, the polarization parameters of materials and the interlayer distance between the polar substrates and TMDs. These results provide potential explanations for the divergence of the exciton binding energy between experiment and theory in TMDs.
I. INTRODUCTION
Monolayer transition metal dichalcogenides MX 2 (TMDs) (Transition metal M=Mo, W; Chalcogen X=S, Se) have recently attracted great attention because of their distinctive electronic and optical properties differing from their corresponding bulk materials. These properties present a vast arena of potential applications [1, 2] such as optoelectronics and valleytronics, quantum informatics and spintronics. One of the most significantly properties of these monolayer materials arising from the reduced dimensionality and dielectric screening is the strong Coulomb interaction between electrons and holes. This leads to the formation of tightly bound excitons and large exciton binding energies, which implies a rich excitonic physics in these monolayer materials [2, 3] .
There were a number of works have been focused on the excitonic properties of these monolayer materials in both experiment and theory, particularly on the exciton binding energies. In theoretical aspect, firstprinciple calculation based on GW and Bethe-Salpeter equation (GW-BSE) approach were used extensively to investigate the excitonic states and binding energy [4] [5] [6] [7] [8] .
The very large exciton binding energies in the range of 0.5∼1 eV are predicted and confirmed by many consequent experiments such as the photoluminescence excitation spectroscopy [9] , femtosecond transient absorption spectroscopy and microscopy [10] , the optical reflection spectra [11, 12] , time-resolved photoluminescence spectroscopy [13] . Within the frame of Wannier-Mott exciton, the simple hydrogenic model is also employed [14, 15] , in which the usual Rydberg series of energy levels of the excitonic states are obtained and applied to explain several experimental results successfully [9, 15, 16] . How- * Electronic address: wangziwu@tju.edu.cn ever, the pronounced deviation from the usual hydrogenic model in the several lower excitonic levels were also observed in experiments [17, 18] . The modified Coulomb potential [17, 18] and effective two-dimensional dielectric constant [19] models based on the nonlocal nature of dielectric screening are proposed to explain these deviations effectively. Recently, an analytically solvable model that the interband coupling between electron and hole states are considered to qualitatively explain nonhydrogenic exciton spectra observed in these monolayer TMDs [20] . In addition, several exciton complexes and the corresponding binding energies are investigated by using the fractional dimensional space approach [21] , in which the exciton binding energy depends on the modulation of the dimensionality parameter α, which underlies the confinement effects of various geometrical structures. In fact that the agreements between experiments and theories are obtained as above mentioned works. However, from the comparison of the obtained binding energies in experiments and theoretical models, it can be concluded that the causes regarding exciton binding energies can be varied in a large scale are still not clearly and the values of exciton binding energies for the same monolayer TMDs in various experiments and theoretical models can not get inconsistent. Therefore, the determining ingredients of exciton binding energies need to be explored further.
In the present paper, we mainly consider the influence of exciton-optical phonons couplings on the exciton binding energies in monolayer TMDs by using the linear operator and unitary transformation method. We not only consider the exciton couples with the intrinsic longitudinal optical (LO) phonon modes, but also the surface optical phonon modes that induced by the polar substrates under the TMDs. We find that the exciton binding energy can be varied from tens of meV to several hundreds of meV, depending on the cut-off wave vector of phonon modes, the polarization strength of substrates and the distance between the monolayer materials and polar substrates. These theoretical results highlight and enrich the understanding of the exciton states and exciton binding energy in these monolayer materials as well as the layered heterostructures.
II. THEORETICAL MODEL
We consider the structure that the monolayer TMDs are placed on the polar substrate as schemed in Fig.1 , in which the surface optical (SO) phonon modes are induced by the substrates. The exciton Hamiltonian of this structure taking into account the LO and SO phonons and the couplings between exciton and these optical phonons modes can be written as
The term H ex denotes the exciton Hamiltonian consists of an electron and a hole interacting with each other through a dynamically screened Coulomb potential e 2 /(4πε r r), M = m e + m h , µ = m
h are the center of mass, reduced mass, respectively. m e (m h ) is the electron (hole) effective mass, r is the coordinate of relative motion, P is the momentum of center of mass and p is the momentum of relative motion. The second term H ph describes the optical phonon Hamiltonian, ω ν is the optical phonon energy, ν=LO, SO 1 , SO 2 stands for the LO mode and SO mode with two brabches, respectively. a k (a † k ) is annihilation (creation) a optical phonon with wave vector k. The third term H e−ph denotes the exciton-optical phonon coupling in the Fröhlich interaction including two parts: one is the exciton-LO phonon coupling and the corresponding coupling element [22] [23] [24] 
in which η 0 is the polarization parameter and determined by the polarization properties of the monolayer TMDs, L m is the monolayer thickness, erf c is the complementary error function and σ denotes the effective width of the electronic Bloch states is based on the constrained interaction of LO phonon with charge carriers in monolayer materials, A is the quantization area in the monolayer plane, ε 0 is the permittivity of vacuum, R is the center of mass coordinate; Another is the exciton-SO phonon coupling with the coupling element [25] [26] [27] 
where the interlayer parameter
] is a combination of the known dielectric constants of the substrates and denotes the polarization strength of polar substrate, κ ∞ (κ 0 ) is the high (low) frequency dielectric constant. z 0 denotes the distance between the polar substrate and monolayer TMDs. The element ξ k (r) is expressed as
in which β 1 = m e /M and β 2 = m h /M is the fraction of electron and hole, respectively. We introduce the creation B † j and annihilation B j operator for the center of mass momentum P and coordinate R by
and the well-known Lee-Low-Pines (LLP) unitary transformation by [27] [28] [29] 
where the index j refers to the x, y, λ is the variational parameter and
and B j are boson operators satisfying the boson commutative relation. Substituting Eq. (5a) and (5b) into the first term of Eq. (1b), and then performing the LLP transformation, we get
with the Hamiltonian H (r)
− e 2 /4πε r r describes the relative motion of the electron-hole pair and be solved exactly in the hydrogenic model [14, 18, 19] . The corresponding eigenfunction in poler coordinate (r,θ) can be written as
where
, and a 0 = F (a, b, z) is the confluent hypergeometric function, and the quantum numbers l takes the values 0, ±1, ±2, . . . , ±(n − 1). The obtained binding energy of the nth excitonic state in this hydrogenic model is [14, 18, 19] 
This equation is extensively used to describe the exciton binding energy of nth excitonic state, in which the dielectric constant ε r plays a key role to determine the binding energy and related to many elements, e.g. the extension of excitonic radius, the reduced mass of exciton, the substrate environment. The nonhydrogenic Rydberg Series of excitonic states can also be well fitted via the modulation of parameter ε r [19] . In this paper, we adopted the values of ε r in Ref. 30 .
Substituting Eq. (5a) and (5b) into the term H ph and H e−ph , and then performing the LLP unitary transformation, we have
In order to obtain the binding energy of excitonic ground state, we choose |Φ = |φ 1,0 |0 ex |0 ph as the ground state wave-function of system. |φ 1,0 is the ground state of exciton as given in Eq. (8), |0 ex is the vacuum state vector of exciton describing the center of mass motion, |0 ph is the zero phonon state. The exciton binding energy taking into account the exciton-optical phonon couplings can be obtained via
in which the relations B † j |0 ex = |1 ex , B j |0 ex = 0 and a k |0 ph = 0 are applied.
Minimizing Eq. (12) with respect to f * k and f k , we get
Substituting Eq. (13a) and (13b) into Eq. (12), we get
in which each term is independent of λ except the second term describing the center of mass movement. In order to clearly distinguish the influence of exciton-optical phonons coupling on the exciton binding energy, we set the case λ = 0. Converting the summation of wave vector into the integral in Eq. (14), the exciton binding energy can be expressed as
with center of mass couples to the optical phonons. The correction of which to the exciton binding energy is very small, since the effective masses of electron and hole are very closer in these monolayer TMDs as listed in table I, leading to the polarization clouds of them cancel each other. The second term arises from the relative motion of exciton couples to the optical phonons, which gives the dominate contribution to the correction of the exciton binding energy and was assigned to the modification to the Coulomb potential in traditional exciton problems [29] . 
III. DISCUSSION AND RESULTS
The influence of the exciton-LO phonon coupling on the exciton binding energies are presented in Fig. 1 for different TMDs materials. We set the monolayer thickness of TMDs L m =0.4 nm and the effective width of the electronic Block state σ=0.5 nm throughout the numerical calculation [21, 23] . Fig. 1(a) presents the dependence of exciton binding energies on the cut-off wave vector k c at η 0 = 0.05. As can be seen that exciton binding energies decrease with increasing the cutoff wave vector. When the k c reaches above the value of 4.0 × 10 9 m −1 , the effect of k c on exciton binding energies becomes insignificant, which means that only the phonons with small wave-vector, corresponding to the long-wave length phonons, are strongly coupled with the charge carriers, which is consistent with the results that small-momentum optical phonons give the mainly contributions to the Fröhlich interaction based on firstprinciple calculation [33] . Indeed, the influence of cut-off wave vector (k c ) of LO and SO phonon mode on the exciton binding energies are similar in following section, so we choose k c = 4.0 × 10 9 m −1 as the limitation value for all numerical calculations presented in this paper. On the other hand, the strength of Fröhlich interaction depends on the polarization properties of material, which is described by the polarization parameter η 0 in Eq. (2) and related to several ingredients, such as the dielectric tensor [33] , screening of substrate material [7] , thus leading to its precise estimation is a complex problem. We only qualitative analysis the influence of η 0 on exciton binding energies in Fig. 2(b) for different monolayer TMDs. One can see that the exciton binding energies can change a hundred of meV at η 0 = 0.1. Hence, the exciton binding energies are corrected remarkably if the larger values of η 0 obtained.
Inferred from Eqs. (3) and (15), it can be known that the corrections of exciton-SO phonon coupling to exciton binding energies depend on the cut-off wave vector k c , polarization parameter of substrate η ′ and distance z 0 . These dependences are presented in Fig. 3 . Surface optical phonon modes and dielectric constants of polar substrates are given in Table II , which have been taken from Refs. 25 and 26. In Fig. 3(a) , exciton binding energies in monolayer MoS 2 for different polar substrate are presented at distance z 0 =0.5 nm. Comparing with Fig. 2(a) , it can be seen that the correction of exciton binding energies are enhanced more obviously with increasing k c due to two branches of SO phonon modes included. Moreover, the corrections increase from h-BN to ZrO 2 substrates, which because of the polarization parameter η ′ that denotes the polarization strength of substrates increases from h-BN to ZrO 2 substrates as table II listed. The increasing of this parameter denotes the enhanced strength of exciton-SO phonons coupling, and thus resulting in the correction effect more stronger. Therefore, the polarization of substrate plays a significant role on the exciton binding energies in these monolayer materials. However, the coupling strength between exciton and SO phonons can be modulated by the distance z 0 as plotted in Fig. 3(b) . From it, we can see that the corrections of exciton binding energies decrease sharply and can be varied in range of several hundreds of meV for different polar substrate with increasing the distance z 0 . Moreover, the exciton binding energies change hardly when this distance exceeding z 0 =3.0 nm, which means that the contribution of SO phonons to correction are very minor or negligible above this distance and LO phonons dominate the correction of exciton binding energy. This also provides the highlight for how to evaluate and control the influence of SO phonons induced by the substrates on the exciton states in experiments. In addition, the screening effect of substrate also leads to the large reduction in exciton binding energy has been calculated based on the first-principle [7] . Although both this screening effect and SO phonons are related to the polar substrates and give potential correction to exciton binding energy, the correlations between them can not discuss quantitative in the present study.
The total corrections of exciton-LO and SO phonons coupling on exciton binding energies for the monolayer MoS 2 /SiO 2 system are presented in Fig. 4 . It can be seen that the magnitude of exciton binding energy can be tuned in a very large scale due to this two kinds of exciton-optical phonons coupling, which not only provides an potential explanation for the divergence of the exciton binding energy between experiment and theory, but also proposes a way to identify the variation of exciton binding energy by controlling the polarization of substrate, the distance z 0 and dielectric environment in experiment. In fact, many-body mechanisms have been assigned to result in these discrepancies in several works [6, 7, 14] . The present model proved that excitonoptical phonons coupling is an effective many-body interaction affecting exciton binding energies remarkably as plotted in Fig. 4 . Especially, the SO phonons induced by the polar substrates have potential influence on the properties of excitonic states at certain distance z 0 . These SO phonons modes generate a series of novel quantum phenomena in the van der Waals heterostructures based on these monolayer TMDs materials and arouse more and more interesting in recent years [34] .
In summary, we theoretically investigate the corrections of exciton binding energies in monolayer TMDs by considering the exciton couples with LO phonons and SO phonons that induced by polar substrates. We find that (1) exciton binding energies are corrected in a large scale due to exciton-optical phonon coupling and those long-wave length phonons give the dominate contributions to the correction; (2) the polarization parameter of LO phonon and the polarization of substrates play a significant role in determining the magnitude of correction; (3) the influence of SO phonons become very weak when the distance between monolayer TMDs and substrates exceeds the range of ∼ 3 nm. These results highlight the discrepancies between theory and experiment regarding exciton binding energies in these monolayer TMDs.
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